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Temporal Behavior of Rabi Oscillation in Nanomechanical QED System with a
Nonlinear Resonator
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In nanomechanical QED system, consisting of a charge qubit and a nanomechanical resonator
with intrinsic nonlinearity, we study the temporal behavior of Rabi oscillation in the nonlinear
Jaynes-Cummings model. Using microscopic master equation approach, we solve time evolution of
the density operator describing this model. Also, the probability of excited state of charge qubit
is calculated. These analytic calculations show how nonlinearity parameter and decay rates of two
different excited states of the qubit-resonator system affect time-oscillating and decaying of Rabi
oscillation.
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I. INTRODUCTION
Actually, any quantum system interacting with the en-
vironment (the bath) can not be isolated from the en-
vironment completely. [1] In quantum information and
quantum computation, [2] the decay process of quantum
system induced by quantum fluctuations of the bath is
very important for the qubit. In quantum optics, [3]
the Jaynes-Cummings model has been one of the most
important models, [4] which describes the light-matter
interaction of a two-level atom and a single mode of the
quantized electromagnetic field. [5] Among these light-
matter interaction issues, [6] the revivals and collapses of
the atomic population inversion (also named Rabi oscil-
lation) has been studied in the literatures. [7–9]
Decay of Rabi oscillation has also been used as a tool to
characterize the decoherence in superconducting qubits
(charge qubit, phase qubit and flux qubit). [10, 11] Re-
cently, in circuit QED system, [12] the researchers have
performed spectroscopic measurements of a supercon-
ducting qubit dispersively coupled to a nonlinear res-
onator driven by a pump microwave field. [13] Also in
nanomechanical QED system, the integration of Joseph-
son junction qubit and nanomechanical resonators are at-
tracting considerable attentions. [14–17] The dynamics
of all these qubit-resonator systems could be described
by the Jaynes-Cummings Hamiltonian.
When intrinsic nonlinearity of nanomechanical res-
onator [18] is considered in the coupled qubit-resonator
system, superconducting qubit can be used to probe
quantum fluctuations of nonlinear resonator. [19] And
the nonlinearity can be used to create nonclassical states
in mechanical systems [20, 21] and selectively address
the nanomechanical qubit transitions in quantum infor-
mation processing. [22]
In previous studies, [23] master equation approach has
∗E-mail:ybgao@bjut.edu.cn
been used to deal with the issues in open quantum sys-
tem. In this paper, considering the influence of the envi-
ronment on this nanomechanical QED system, we can use
microscopic master equation approach [24] to solve time
evolution of the density operator for the qubit-resonator
system and study the temporal Behavior of Rabi Oscil-
lation.
The paper is structured as follows. In sec.II, a non-
linear Jaynes-Cummings Model [25] is used to describe
the dynamics of the coupled qubit-nanomechanical res-
onator system. In sec.III, using microscopic master equa-
tion approach, we solve time evolution of density oper-
ator for the qubit-resonator system. The probability on
excited state of the qubit is calculated to show the tem-
poral process of Rabi oscillation. Finally, the results are
summarized.
II. THE QUBIT-RESONATOR SYSTEM
In nanomechanical QED system, we can use a Jaynes-
Cummings type Hamiltonian to describes the dynamics
of the qubit-resonator system consisting of a charge qubit
and a nanomechanical resonator system,
HJC =
ωq
2
σz + g
(
aσ+ + a
†σ−
)
+ ωca
†a. (1)
Considering the nonlinearity of nanomechanical res-
onator, the Hamiltonian for this qubit-resonator system
writes [26]
HS = HJC + χa
†a+ χ
(
a†a
)2
. (2)
Here the rotating-wave approximation (ωq = ωa = ω)
and h¯ = 1 is adopted. Corresponding to charge qubit and
nanomechanical resonator, the lowering (raising) opera-
tor σ− (σ+) and the annihilation (creation) operator a
(a†) satisfy the commutation relation [σ−, σ+] = σz and
[a, a†] = 1. The Hamiltonian in Eq. (2) describes the dy-
namics of a nonlinear Jaynes-Cummings model, [25] and
a quartic potential x4 [18] gives nonlinear part χ
(
a†a
)2
2which leads to the phonon-phonon interaction in nanome-
chanical QED systems. The g is the coupling constant
and the χ is the nonlinearity parameter (χ≪ g).
Solving the Hamiltonian HS , we get the ground state
|E0〉 = |00〉 with energy E0 = −ω/2 and excited state
doublets
|E1+〉 = cos
(
θ
2
)
|10〉+ sin
(
θ
2
)
|01〉 ,
|E1−〉 = − sin
(
θ
2
)
|10〉+ cos
(
θ
2
)
|01〉 ,
for n = 1, 2, 3, ... with energy
E1± =
(ω
2
+ χ
)
± Ω.
Some parameters are defined, i.e., Ω =
√
g2 + χ2 and
θ = arcsin (g/Ω).
With the loss of nanomechanical resonator, the total
Hamiltonian
Htotal = HS +HI +HB
consists of three parts, i.e., the system part HS , the in-
teraction part
HI =
∑
j
ξj
(
ab†j + a
†bj
)
and the bath part
HB =
∑
j
ωjb
†
jbj .
Where bj and b
†
j are bosonic annihilation and creation
operators for the bath oscillators for the mode frequency
ωj (j = 1, 2, ...).
In this paper, we adopt microscopic master equation
approach [24] to solve time evolution of density operator
(ρ) for the qubit-resonator system, our master equation
is
ρ˙ = Lρ (3)
where L is a time-independent linear superoperator.
Using the microscopic master equation approach, [24]
we obtain the eigen-equations
Lρk = λkρk. (4)
The {ρk} is a set of eigenoperators due to the superop-
erator L with the eigenvalue {λk} for the index k.
Given initial state of the qubit-resonator system, the
initial reduced density operator ρ (0) is expanded in
terms of ρk,
ρ (0) =
∑
k
Ckρk (5)
where the Cks are time-independent coefficients. The
results in Ref.[24] tell us that time evolution of reduced
density operator ρ will be
ρ (t) =
∑
k
Ckeλktρk. (6)
Now only one excitation is interested, our truncated
basis {|E1+〉, |E1−〉, |E0〉} consists of the three lowest
eigenstates due to the Hamiltonian HS ,
Now we can rewrite the master equation in Eq. (3),
ρ˙ = −i [HS , ρ] + L+ρ+ L−ρ. (7)
Here the non-unitary parts of dissipative dynamics are
described by L+ρ and L−ρ,
L±ρ =
γ±
2
|E0〉 〈E1±| ρ |E1±〉 〈E0|
−
γ±
4
(|E1±〉 〈E1±| ρ+ ρ |E1±〉 〈E1±|) .
The superoperator L±describe the transitions between
the higher excited state |E±〉 and the ground state |E0〉
induced by the environment. The corresponding decay
rate γ+ (γ−) describes the transition from the excited
state |E1+〉 (|E1−〉) to the ground state |E0〉, these tran-
sitions are induced by the interaction between the system
and the environment.
With respect to the system HamiltonianHS in Eq. (2),
the eigenoperators ρks are obtained,
ρ1 = |E0〉 〈E0| ,
ρ2 = |E1,−〉 〈E1,−| − |E0〉 〈E0| ,
ρ3 = |E1,+〉 〈E1,+| − |E0〉 〈E0| ,
ρ4 = |E0〉 〈E1,−| ,
ρ5 = |E0〉 〈E1,+| ,
ρ6 = |E1,−〉 〈E1,+| ,
ρ7 = ρ
†
4, ρ8 = ρ
†
5, ρ9 = ρ
†
6.
The corresponding eigenvalues λks (for k = 1, 2, 3, ..., 9)
are
λ1 = 0, λ2 = −
γ1−
2
, λ3 = −
γ1+
2
,
λ4 = i (ω + χ− Ω)−
1
4
γ1−,
λ5 = i (ω + χ+Ω)−
1
4
γ1+,
λ6 = i(2Ω)−
1
4
(γ1+ + γ1−) ,
and
λ7 = λ
∗
4, λ8 = λ
∗
5, λ9 = λ
∗
6.
3III. RABI OSCILLATION
In traditional cavity QED theory, [5] the Rabi oscilla-
tion means that there exists energy exchange of one pho-
ton between a two-level atom and a single mode quan-
tized field in cavity. Considering the nonlinearity of
nanomechanical resonator, we study the decay process
of Rabi oscillation in the nonlinear Jaynes-Cummings
model described by the Hamiltonian in Eq. (2).
Given the initial state of the qubit-resonator system
|ψ (0)〉 = |e〉 ⊗ |0〉, it means that the qubit is in excited
state |e〉 and the resonator is in vacuum state |0〉. Thus,
the initial reduced density operator reads
ρ (0) = |ψ (0)〉 〈ψ (0)| .
Expanding ρ (0) into some eigenoperators ρks, we obtain
a set of coefficients Cks,
C1 = 1, C2 =
1
2
(1− cos θ) , C3 =
1
2
(1 + cos θ) ,
C6 = C9 = −
1
2
sin θ,
and
C4 = C5 = C7 = C8 = 0.
According to Eq.(6), the time evolution of density op-
erator for the qubit-resonator system is calculated as
ρ (t) = C1eλ1tρ1 + C2eλ2tρ2
+C3eλ3tρ3 + C6eλ6tρ6 + C9eλ9tρ9.
Here the probability of the qubit in the excited (upper)
state |e〉 is
Pe(t) = 〈e0| ρ (t) |e0〉
=
[
1
2
(1− cos θ) e−
γ1−
4
t −
1
2
(1 + cos θ) e−
γ1+
4
t
]2
+sin2 θe−
γ1++γ1−
4
t cos2 (Ωt) . (8)
It characterizes the temporal behavior of Rabi oscillation
in the qubit-resonator system, decay process of Rabi os-
cillation owns the periodic structure of time oscillating.
The nanomechanical resonator is assumed to be an
ideal resonator (χ = 0), and ignoring the difference of
decay rates (γ1+ = γ1− = γ), then the probability Pe(t)
becomes
Pe(t) = e
−
γ
2
t cos2 (gt) . (9)
It describes the well known Rabi oscillation in Jaynes-
Cummings model.[4] Comparing the results in Eq. (8)
with Eq. (9), we find that nonlinearity parameter χ and
decay rates γ1+ 6= γ1− modify the periodic structure of
time oscillating in Rabi oscillation.
To further clarify the dependence of nonlinearity pa-
rameter and decay rates on the probability Pe(t) clearly,
some figures are plotted with parameters ω = 1.0, g =
0.1. Here, we take the frequency ω as the unit for all
these parameters.
In Fig. 1, the probability Pe(t) versus time t is plotted
with parameters χ = 0 and γ1+ = γ1− = 0.004. Figure
1 shows the well known Rabi oscillation, it verifies the
results in Eq. (9).
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FIG. 1: Rabi oscillation in Jaynes-Cummings model. Some
parameters are χ = 0 and γ = 0.004.
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FIG. 2: The probability Pe (t) vs the time t, where the excite
states (|1+〉 and |1−〉) own the different decay rate (γ1− =
0.001 and γ1+ = 0.007) and χ = 0.04.
In Fig. 2, the probability Pe(t) versus time t is plotted
with parameters χ = 0.04, γ1+ = 0.007 and γ1− = 0.001.
Figure 2 shows that nonlinearity parameter χ and decay
rates (γ1+ 6= γ1−) modify the periodic structure of time
oscillating in Rabi oscillation, which is obviously different
from Figure 1.
4Based on those results in Eq. (8,9), we find that non-
linearity parameter χ slows down the time-oscillating pe-
riod of Rabi oscillation T = (2Ω)
−1
. In the following, we
will study how nonlinearity parameter χ and decay rates
(γ1+ 6= γ1−) affect the temporal behavior in Rabi oscil-
lation solely.
Firstly, assuming the same decay rates γ1− = γ1+ = γ
and nonlinearity parameter χ 6= 0, the probability in Eq.
(8) becomes
Pe(t) = e
−
γ
2
t
(
cos2 θ + sin2 θ cos2 (Ωt)
)
. (10)
The dependence of the probability Pe(t) on nonlinearity
parameter χ is plotted in Fig. 3. When cos2 (Ωt) = 0, the
minimum of the probability
Pe(t) = e
−
γ
2
t cos2 θ (11)
decays exponentially, which is different from the well
known Rabi oscillation in Fig. 1.
Secondly, assuming no nonlinearity χ = 0 and differ-
ent decay rates (γ1+ 6= γ1−), the probability in Eq. (8)
becomes
Pe(t) =
1
4
(
e−
γ1−
4
t − e−
γ1+
4
t
)2
+ e−
γ1++γ1−
4
t cos2 (gt) .
The dependence of the probability Pe(t) on different de-
cay rates is plotted in Fig. 4. When cos2 (gt) = 0, the
minimum of the probability
Pe(t) =
1
4
(
e−
γ1−
4
t − e−
γ1+
4
t
)2
shows that the difference of decay rates between γ1− and
γ1+ does not affect the short-time behavior and long-
time behavior of Rabi oscillation obviously, which is seen
in Fig. 4.
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FIG. 3: The probability Pe (t) vs the time t, where the excite
states (|1+〉 and |1−〉) own the same decay rate (γ1+ = γ1− =
γ = 0.004) and nonlinearity parameter χ = 0.04.
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FIG. 4: The probability Pe (t) vs the time t, the excite states
(|1+〉 and |1−〉) of the qubit-resonator system own the differ-
ent decay rate (γ1− = 0.001 and γ1+ = 0.007) and nonlinear-
ity parameter χ = 0.
Analytically, we can study the short-time behavior of
Rabi oscillation, then the probability Pe (t) becomes
Pe(t) = exp
{
−
[
cos θ
(γ1+
4
−
γ1−
4
)
+
γ1− + γ1+
4
]
t
}
.
(12)
Ignoring the nonlinearity of nanomechanical resonator or
the difference of decay rates, i.e., χ = 0 or γ1− = γ1+,
the probability Pe (t) becomes
Pe(t) = exp
{
−
γ1− + γ1+
4
t
}
. (13)
According to the results in Eq. (12) and Eq. (13), we find
that both nonlinearity parameter χ and the difference
of decay rates (γ1+ 6= γ1−) affect dominate the short-
time behavior of Rabi oscillation jointly. Also, these two
factors speed up the decay of Rabi oscillation in short-
time limit.
IV. CONCLUSIONS
In summary, we have studied the dynamics of the
nanomechanical QED system consisting of a charge qubit
and a nanomechanical resonator. The temporal behav-
ior of Rabi oscillations is analytically studied while the
intrinsic nonlinearity of nanomechanical resonator is con-
sidered. With the loss of nanomechanical resonator,
microscopic master equation approach is used to calcu-
late the excited-state probability of charge qubit in this
nonlinear Jaynes-Cummings model. These results show
that nonlinearity parameter and decay rates can affect
time-oscillating and decaying of Rabi oscillation solely or
jointly.
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